Abstract. This paper builds on a previous study which investigated the amount of energy that could be harvested from the vibration induced by a passing train using a trackside energy harvester. In that study, the optimum parameters of the device were determined for a train passing at a particular speed. However, the effect of the train speed variability on the amount of energy harvested was not explored. In this paper a study is thus undertaken to determine this effect using experimental data from train passages at a site in the UK. Furthermore, a model is developed to investigate the optimum design parameters of the energy harvester when trains pass by at slightly different speeds. This is then validated using the experimental data. It is found that, provided the variability in the train speed is less than about 1% from the nominal speed, then a harvester tuned so that its natural frequency matches one of the trainload dominant frequencies at the line speed is a reasonable design condition.
Introduction
Many researchers have investigated the scavenging of energy from environmental vibrations for many years. Recently, the demand for sustainable devices has also increased, mainly to supply energy from devices embedded in environments with difficult access [1] [2] [3] . At the heart of many devices is a linear single-degree-of-freedom mass-spring-damper system, which is used to amplify vibration at a specific frequency. To achieve this, the oscillator is generally tuned so that its natural frequency is equal to the excitation frequency, and the damping is light [4] .
Using classical models, researchers have conducted investigations based on harmonic base excitation for an unlimited time [5] [6] [7] [8] . In such cases transient vibration is generally not considered. However, for applications such as a pacemaker [9] , human motion [10] , or railway vibration [11] , where the source of vibration may only be present for a short period of time, transient vibration has to be considered.
Nowadays the vibration generated by a train is seen as potential energy source to power wireless sensors for structural health monitoring or temperature monitoring purposes, for example. An investigation using a piezoelectric transducer attached to the bottom of the rail to scavenge energy from vibration induced by loaded and unloaded freight trains was presented in [12] . An energy harvesting device was designed and embedded into a sleeper to convert the vertical vibration induced by a passing train into a rotational motion and then into electrical energy in [13] . A numerical investigation about the potential to harvest energy from trackside vibration induced by high speed train in the UK was presented in [11, 14] ,
The aim of this paper is to develop further the work reported in [11] , by investigating the effects of the variability of speed of the passing trains. This is achieved by developing a simple model of a passing train which is validated with some experimental measurements from a UK site.
Rail vibration due the passage of a train
The sleeper vibration presented here was measured at Steventon in Southern England from passing Inter-city 125 trains [15] . The structure of a rail track is shown in Fig. 1(a) . The rail is fastened by clips to a concrete sleeper, which is supported by ballast and subgrade. The surrounding soil consists of deep layers of clay, which at the time of the measurement, was saturated [16] . The parameters of the rail structure at the Steventon site are given in Table 1 . The model of the track structure is discussed later. 
Vibration Measurements
The experimental data used here was obtained by Triepaischajonsak [15] . The train was an Inter-city 125 consisting of two power cars, one in each end, with eight passenger carriages in between. Each carriage is supported by four wheelsets contained in two bogies. The relevant train parameters are given in Table 2 . The vibration induced by four trains, passing at speeds of 162, 180, 195 and 200 km/h, was measured on a railway sleeper using an accelerometer with a sampling frequency of 1 kHz. The corresponding acceleration time histories are presented in figures 2(a,c,e,g), respectively. The corresponding power spectral densities (PSD) of the acceleration measurements are shown in figure  2 (b,d,f,h), respectively, in the frequency range 0-25 Hz. At the top of the PSD plots there is another axis which represents the frequency normalized by the ratio between the speed and length of the passenger carriage (23 m). It can be seen that the dominant peaks occur at integer multiples of the ratio between the speed and the length of the train carriage, which are called trainload dominant frequencies [17] . It can also be seen that with an increase (decrease) of the train speed, the dominant frequencies shift to higher (lower) frequencies. As the amplitude of the acceleration spectrum is proportional to the amplitude of the displacement multiplied by the square of the frequency, the acceleration amplitude changes with the train speed. In addition, the maximum acceleration induced by an Inter-city 125 at Steventon occurs at the 7 th harmonic of the fundamental trainload frequency. 
A simple model of a passing train and the track structure
To conduct a study into the effects of the variability of the train speeds on energy harvesting, a model comprising the train and the track structure is required. This is developed in this section. Grassie et al. [18] have shown that for excitation frequencies up to 100 Hz, a track resting on a simple elastic support is satisfactory for the analysis of track deflection due to the static moving load. Krylov and Ferguson [19] , Sheng et al. [20] and Thompson [21] have presented an analytical model, assuming that the two rails are modelled as a single infinite Euler-Bernoulli beam, which makes it possible to calculate the deflection w(x,t) of the track due to the moving load. Such a simplified model is shown in figure 1 (b). A concentrated load for each wheelset is applied to the track structure which is modelled as an infinite Euler Bernoulli beam with bending stiffness ErIr (Er is the Young's modulus and Ir is the second moment of area), supported by a series combination of rail pad and the ballast stiffness -a Winkler foundation of stiffness ks per unit length. The differential equation of motion for the track for a stationary load F acting on a beam is given by [21] 
where δ is the delta function, S is the train speed and x is the axial coordinate. The solution of equation (1) Tables 1 and 2 some simulations are carried out. The displacement timehistory of the track for the passage of one wheel, one bogie, and one passenger car are presented in figure 3a. The corresponding spectra are shown in figure 3b. From figure 3(a) it can be seen that each creates a small deflection of the rail over a very short period of time. This excitation mechanism causes a track deflection whose spectrum is similar to that from an impulse as shown in figure 3(b) . It can be seen that the passage of a single wheelset at 200 km/h generates a spectrum with low frequency content, up to about 50 Hz. This spectrum is controlled by the train speed and by β. Thus, for a given rail stiffness, the stiffness of the support structure influences the frequency content. When more than one wheelset is considered, the effect of the bogie spacing or the carriage length affects the excitation as shown in figure 3(a) . The effect of this on the spectrum can be seen in figure 3(b) , for a passage of a single bogie, and for the passage of a single train carriage. It can be observed that the envelope of the spectrum for a single train carriage is the deflection spectrum due the passage of a single bogie. A similar simulation for 8 passenger carriages was carried out and the results are shown in figure  3(c) and (d). From figure 3(c) it can be seen that the time history is simply the superposition of 8 passenger carriages. In figure 3(d) the Fourier series coefficients is presented. The largest Fourier components correspond to the train load frequencies [17] .
Comparison between the measured vibration and the model
The velocity of the rail calculated using the model from figure 1(b) , assuming eight identical carriages (which neglects the power cars) is compared with experimental data. The results are shown in figure 4 for a train speed of 200 km/h. Given the simplicity of the model the results are considered to compare reasonably well in the time domain as can be seen in figures 4(a) and (b). The first 15 Fourier coefficients calculated from the passage of one carriage are plotted in figure 4(c). The agreement between the Fourier coefficients is not as good as the time histories, although the behaviour between the model and the actual train is qualitatively similar. This is thought to be due to the simplicity of the model and, probably, the choice for the parameters of the rail structure parameters, and is the subject of a current investigation. As the rail model is derived under the assumption of a continuous support, but in reality the rail is discretely supported by the sleepers, some physical behaviour of the rail may not be captured by the model and cause the discrepancy in frequency domain. However, from the point of view of the investigation into the variability of the train speed, it is suggested that the model is adequate to investigate energy harvesting is used in further analysis in later sections.
Energy Harvesting

Numerical investigation
The mechanical system of the energy harvester device considered here is a base-excited single-degreeof-freedom mass-spring-damper system, in which the base excitation is the acceleration of a sleeper, induced by a passing train. The equation of motion of such a system is given by
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where the relative displacement is z = x -y, x is the motion of the oscillating mass and y is the motion of the base, m is the mass, c is the damping and k is the stiffness. The overdots denote differentiation with respect to time. For simplicity, here it is assumed that the total energy harvested E, is equal to the mechanical dissipated energy, so that 
Equation (3) is solved by numerical integration, using the vertical acceleration induced by an Intercity 125 at a speed of 200 km/h given in figure 2(g) as a base input. It is then combined with equation (4) to determine the energy harvested during the passage of a train. Only the time period from 1.7 to 5.7 seconds, where the passing train induces forced vibration of the energy harvester is considered. Simulations have already been conducted to investigate the optimum parameters of the harvester to such an excitation [11] , and the results of this study are presented here. The mass of the harvester is set to 1 kg and the natural frequency varied from 0.1 up to 35 Hz with an increment of 0.1429 Hz. Also the optimum damping ratio for each natural frequency is determined from a range of 1×10 -4 < ζ < 5×10 -2 with an increment of 1×10 -4 . The results from the numerical study are shown in figure 5 as the blue solid line. Figure 5(a) shows the maximum harvested energy for each natural frequency, figure  5(b) shows the optimum damping ratio necessary for the oscillator achieve its best performance, and figure 5(c) shows the maximum relative displacement amplitude of the oscillating mass. From figure 5(a) it can be seen that the frequencies at which the greatest amount of energy is harvested coincides with the dominant trainload frequencies shown in figure 2(h) . The harvester scavenges the maximum energy when the acceleration is maximum, corresponding to a frequency of 16.86 Hz, which is the 7 th harmonic of the fundamental trainload frequency. For the natural frequencies where the oscillator harvests more energy, it can be seen that the oscillator requires very light damping. This is because it is better for the oscillator to have large relative motion, which can be seen in figure 5(c) . From this numerical investigation it can be seen that the energy harvester should have a natural frequency of 16.86 Hz and a damping ratio of 0.0044. This results in 0.27 J of energy harvested from one train passage for 1 kg of mass with a relative displacement of about 5 mm. To determine the sensitivity of the energy harvester to different train speeds, the harvesters were optimised for the four train time histories shown in figure 2, i.e., for trains operating at 162, 180, 195 and 200 km/h. The optimised conditions are given in Table 3 .
The amount of energy harvested for each of the four harvesters as each train passes at the four different speeds is shown in figure 6 . It can be seen that there is only a good performance for the harvester that is optimised for the particular train speed. For the other situations, the performance of the oscillator degrades drastically: even for the harvester intended for 200 km/h, less than 20% of the energy is harvested at 195 km/h. 
Effects of different train speeds
In a railway environment, the speed of a train is restricted due to the route, the type of train and operational considerations. Although they operate at high speeds, this does not means that the vehicle speed is constant throughout their journey, and it is not the same for all passing trains. The train speeds of passing trains were measured over two days at Steventon, where the train speed is limited to 200 km/h. The results are shown in figure 7 , where it is clear that the variability of the train speeds at this site is, in general, quite high. From figure 7(a), it can be seen that there are two clusters, the average speeds of which are 160 and 196 km/h. The same is seen to be true in figure 7(b) where the average speeds are 158 and 195 km/h (only the highest five measurement speeds were considered for the upper average), but the scatter is much greater in this case. The reason why there are two average speeds is because there is a railway station close to the measurement site, and some trains stop at this station and others do not.
Of interest is the effect that the train speed variability has on the energy harvested from a device optimised for a particular speed. To investigate this, the models of the harvester and the track are used to conduct simulations on harvesters optimised for train speeds from 190 to 200 km/h with an increment of 1 km/h. The damping ratio is optimised to the combined energies due to the passage of eleven trains. The natural frequency of each oscillator is set to the 7 th harmonic of the fundamental trainload frequency for each train. The energy harvested by each oscillator is shown in figure 8 and the sum of energy harvested by each oscillator, along with the optimised damping ratios is shown in Table  4 . The results in figure 8 clearly show that the optimal operational condition for an energy harvester is when it is operating at resonance. However, for passing trains, which excite frequencies close to the natural frequency of the energy harvester, the performance of the oscillator deteriorates slightly. 
Oscillator
Moreover if there is a difference of 2 km/h or less in target train speed, the energy harvesters have a reasonable performance. From Table 4 is seen that the damping ratio, different from the optimized oscillator to a single passing train (ζ = 0.004547), is slightly higher when there is more than one passing train inducing vibration. This increase in damping leads to a detrimental effect on the performance at resonance, but it has a beneficial effect on the harvester performance when it not at resonance. From the sleeper vibration induced by passing trains with a range of speed from 190 to 200 km/h, oscillator 5 has the best performance. It has a natural frequency of 16.65 Hz and a damping ratio of 0.007418. This oscillator is able to harvest a total of 1.1 J after the passage of eleven high speed trains.
Conclusions
This paper has investigated how much mechanical energy can potentially be harvested from the vertical vibration of a sleeper induced by trains passing at different speeds. To achieve this, a model of a track structure was combined with a model of an energy harvester. The models have been validated with experimental data from a site in the UK. It has been shown that the optimum operational condition for a linear energy harvester is when its natural frequency is tuned to the trainload dominant frequency with the largest acceleration amplitude. Further investigation has shown that when a single linear energy harvester is subject to vibration induced by passing trains at different speeds, the mechanical system presents a significant performance only for passing trains with a difference of 1% or less from the target train speed. For this specific case studied, for a range of trains at speeds from 190 to 200 km/h, the total energy that could be potentially harvested is about 1.1 J/kg, at a frequency of 16.65 Hz, which correspond to a passing train at speed of 196 km/h, with a damping ratio of 0.007276.
